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Invariantive Theory of Plane Cubic Curves Modulo 2. 

By L. B. Dickson. 



§ 1. Introduction. 

The ten types of plane cubic curves in ordinary geometry have been char- 
acterized by invariants and covariants by Gordan.* The types in modular 
geometry can be characterized by invariants only, the abundance of invariants 
making it unnecessary to resort to covariants. The most effective theory of 
modular invariants is that based upon a separation of the particular cases of 
the form in question into classes of equivalent forms. 

For the present problem of cubic curves modulo 2, this classification is 
effected in § 3 by means of the real points (i. e., points with integral coordi- 
nates) on the cubic, supplemented by a determination of the real inflexion 
points and the real and imaginary singular points. While we could test directly 
each real point on the curve, not a singular point, and find whether or not it is 
an inflexion point, we have completed the geometrical investigation by making a 
determination of all of the real and imaginary inflexion points on each of the 
twenty-two types of cubic curves modulo 2. For this purpose we have set up 
in § 2 a cubic function H, which here plays a role analogous to that played by 
the Hessian in the algebraic theory. 

From the geometrical classification of the modular cubics we easily derive 
in § 4 a fundamental system of modular invariants. 

The methods employed in this paper are applicable to other problems of 
this nature ; they indicate the decided advantage to be gained in the theory of 
modular invariants from modular geometry as developed by Bussey and Veblen, 
Coble and the writer. 

§ 2. Inflexion Points on Cubic Curves. 
Let there be a single intersection of 

x s =ax 1 -{-bx 2 (1) 

with the cubic u(x 1} x 2 , x s ) =0. Then 

u(x x , x 2 , ax-L+bXz) =U(x x , x 2 ) = a.x\+$x\x % -\-<yx r x\-\-§x\ (2) 

* Transactions Amer. Math. Soc, Vol. I (1900), p. 402. 
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is the cube, modulo 2, of aa^+Sa^, so that fi==y=ah. Thus the point on (1) 
with #!=£, x 2 =a, is an inflexion point. For these values, 

d 2 U d 2 U d 2 U 

%-^^ax 1+ (3x 2 , ig—^^+y^, 4^ = ^ + 38^ 

all reduce to zero modulo 2. By (2), 

d*U = d 2 u 2a d 2 u q8 d 2 u d 2 U = d 2 u 2b d 2 u fc2 d 2 u 
dx\ ' dx\ dx x dx 3 dx% ' dx\ ~ dx\ dx 2 dx 3 dx\ ' 

d 2 U d 2 u , 7 d 2 u , d 2 u , , d 2 u 
+ o^ — ~— -\-a~ — o \~ a0 



,2 



3%3a? 2 8a? 1 3a;a 3#i3a3 3 3a? 2 3£c 3 3 a;: 

For each derivative in the second members, every term has an even coefficient 
except the term derived from x t x 2 x s . "We set 

u=v+k Xl x& z , &=i^|, *i = *3^3£;» < 3 > 

Thus, at our inflexion point, 

^+ak 2 +a ! ^0, & + &**i+&*&— 0, (4) 

>f3+&>72 + «>7i+«&^3+^s=0 (mod 2). (5) 

Multiply (4 X ) by af , (4 2 ) by x\, add and apply (1). We get 

% 1 x\+Z % x\-\-% 3 xl+'kx 1 XzX z ^Q. (6) 

This is equivalent modulo 2 to w=0. We therefore drop (4!). 

Eliminating a between (1) and (5), and then b between the resulting con- 
gruence and (4 2 ), we find, after simplifications by use of (6) and a final dele- 
tion of the factor x\ , that 

■H" = £i£ 2 i?3 + 2&J7* + kXx&Mi + kZxiyitfs + k 2 Xx 1 x z y^ + Aftz^zfeOfesO . ( 7 ) 

Evidently J7 is a co variant of m with respect to any interchange of variables.* 
Let a; 1 =a?i+a;2, x 2 = x' z , x s =x' 3 replace u by u', and let c be the coefficient of 
x\x s in u. If we form the function H for u' (i. e., for the transformed variables 
and coefficients), we find that it equals £T+ (c 2 +kc)u modulo 2, formally in the 
initial variables and coefficients. Hence, the system of equations u=0, H=0 is 
invariant under every linear transformation with integral coefficients modulo 2. 

Thus the inflexion and singular points of w — are given by its intersec- 
tions with Z? = 0, so that H here plays a role analogous to that of the Hessian 
in the theory of algebraic curves. 

* Hence it was no restriction to take the coefficient of x s in (1) to be not zero. 
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§ 3. Cubic Curves Classified Geometrically. 

We shall find that two cubic curves with integral coefficients modulo 2 are 
equivalent under the group G of all 'linear transformations with integral coeffi- 
cients modulo 2 if and only if they have the same number of real points, real 
inflexion points and real or imaginary singular points. In § 4, we deduce cri- 
teria by invariants. 

The seven real points modulo 2 shall be designated 

1= (100), 2= (010), 3= (001), 4 = (110), 5= (101), 6= (011), 7= (111). 

At these points the values of 

C =. ax 3 + b y 3 + cz 3 + da?y + exy 2 + fx 2 z + gxz 2 + hy 2 z + iyz 2 + jocyz 

are respectively 

a, b, c, a + b + d+e, a + c+f+g, b + c+h+i, s, (8) 

where s is the sum of the ten coefficients of C. Denote by C r a form C for 
which O=0 (mod 2) contains exactly r real points. 

Case r=0. Each function (8) is unity modulo 2, whence 

C=x 3 +y 3 -\-z 3 + dx 2 y + (d-f-1) xy 2 +fx 2 e+ (/+l)a»*+ V«+ (h+l)yz 2 + xyz. 

Eeplacing x by x+dy+fz, we get a C with d=f=0. Then replacing y by 
2/-f-fos, we have also h=0 and get 

C =x 3 +y 3 +z 3 +xy 2 + xz 2 +yz 2 + xyz, H=C n . (I) 

Its singular points are (1, z 2 , z), where ,e 3 -j- 3+1=0 is irreducible modulo 2. It 
can be shown that C is the product of three imaginary linear functions. 

Case r=l. After applying a transformation of G, we have a C the only 
real point on which is 1. In fact, 1— (100) is transformed into (a, (3, y) by 
the linear transformation having a, /3, y as the coefficients of x in x', y', z'. 
Thus a—0, while the remaining functions (8) are unity, so that 

C=y 3 -\-^-^d{x 2 y-\-xy 2 )-\-f{x 2 z+xz 2 )+hy 2 z-\-{h-[-l)yz 2 . 

The transformations leaving point 1 fixed are 

x'=x-\-ry-\-tz, y'=ay-\-(3z, z'=yy-{-Sz. (9) 

By the interchange of y and z, d and / are permuted, while h is replaced by 
7* + l. For y'=y-\-z, we get f'=f+d, h' = h~\-l. Unless d=f=0, we may 
therefore set d — 1, /=0 ; then, replacing x by x-\-hz, we have also h = and get 

C x =y 3 +z 3 -{-x*y-\- xy^+yz", H=x^y-\-xy 2 -\-x^z-\-yz 2 -\-xyz. (II) 
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To eliminate x, note that 

y( < C 1 +H)+zC 1 ^y i +fz+z i (mod 2). 

The nine inflexion points* are 1= (100) and (£, 1, £), where 

P+f+1-0, P+£ + £ 3 +£ 2 + 1^0, 

of which the first is irreducible modulo 2, while the second has no root rational 
in £, since £ 16 +£==1. The coordinates of the eight imaginary inflexion points 
are in the G-alois field of order 2 H . There is no singular point. 

If d=f=0, we may set 7i=0, after interchanging y and z when necessary, 

and get 

C^tf + J+ys?, fl=0. (Ill) 

This binary form represents three intersecting imaginary lines. The point 1 is 
the only singular point. 

Case r=2. Since (9) replaces (010) by (r, a, y), where a and y are not 
both zero, any pair of real points can be transformed into the pair 1, 2. If 
the latter are the only real points on it, the cubic is 

C=z s +dx 2 y + (d+l)xy 2 -{-f(x 2 z+xz 2 ) + h(y 2 z-{-yz 2 ) +xyz. 

After interchanging x and y if necessary, we may set d=0. Then replacing 

x by x-\-hz, we have also h=0, and get 

Cz=z z +xy 2 +x 2 z-\-xz 2 -\-xyz, H=x*+xz 2 -\-y 2 z+yz 2 - } (IV) 

C' i =z s -\-xy 2 -\-xyz, H.=xy 2 -\-y 2 z-\-yz 2 -\-xyz. (V) 

The nine inflexion points of C z are (010), (x, y,l), where 

x*-{-x-\-l=0, y 2 -\-y^a?-\-x. 

There is no singular point. Since 

C' 2 +H^z{y 2 +yz+z»), 

the three inflexion points of C' 2 are (010), (1, y, 1), where y 2 -\-y-\-l^Q, while 
the only singular point is (100). 

Case r=3. As two of the points we may take 1 and 2. First, let the 
third real point on C be 4, the only real point collinear with 1 and 2. Then 

C=s?+d{a?y+xi?) +f{a?z+xz 2 ) +h(y 2 z+yz 2 ). 

*The imaginary ones are determined for the sake of completeness; but a knowledge of them is not 
essential for our present purposes. 
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If d = l, replace x by x+liz and y by y-\-fz to make f=h=0 : 

C 3 = z*+x 2 y + xy 2 , U= (x 2 + y 2 + xy)z. (VI) 

There is no singular point. The nine inflexion points are 1, 2, 4, (Jc, 1,1), 
(1, Jc, 1), (A + l, Jc, 1), where k*+Jc + l=0. If d=f=h=0, we have 

C£=s 3 , ff^O. (VII) 

The only singular points are (100), (a, 1, 0). If d=0, while / and h are not 
both zero, we may set /=1 after interchanging x and y when necessary. 
Eeplacing a? by x-j-hy, we have also h=0 and get the binary form 

C'i=z z +x 2 z+xz 2 , H^O, (VIII) 

with the single singular point 2. 

Second, let the three real points on C be 1, 2 and a point not collinear 
with them and hence having z = l. Since 

x' = x-\-cz, y' = y + sz, z' = z (10) 

leaves 1 and 2 fixed and replaces 3 by (c, s, 1), we can transform the three 
real points into 1, 2, 3. Thus 

C = dx 2 y + (d + 1) xy*+fx 2 z+ (/+l)as 2 +% 2 s+ (ft+l)«/s 2 . (11) 

Interchanging a; and # if necessary, we may set d=0. If f=7i = l, the substi- 
tution (x, y, z) replaces C by a similar C with d=f=h=0. If /=1, ife = 0, we 
have 

K a =xy 2 +x 2 z+yz 2 , H=x s +y 3 +z 3 + xyz. (IX) 

Eliminating x s and then a; 2 , we get xy*=z b . We see that the inflexion points 
are (z 5 , 1, z), where s 9 +s 8 +l = 0, with the irreducible factors s 3 +s 2 -}-l, z 6 -\-z 5 
-\-z 4 +z 2 + l. But if /=0, we may set h=0, after interchanging y and s if nec- 
essary, and get 

K' z =xy 2 +xz 2 +yz 2 , H=xz 2 +xy 2 +y z . (X) 

They intersect in just two points, the singular point 1 and inflexion point 3. 

Case r=4t. The three real points not on C = may be taken, as in case 
r=3, to be any three collinear points, as 4, 5, 6; or any three non-collinear 
points, as 5, 6, 7. 

In the first case, the only real points on C are 1, 2, 3, 7, and C is C' + xyz, 
where C is given by (11). Since the normalizations of C were effected by 
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permutations of the variables, we have merely to add xyz to the canonical forms 
(IX) and (X) to get provisional canonical forms Ki=K a -\-xyz and K' z -\-xyz. 
But y'=y-{-x, z'=z-\-x replaces the latter by the former: 

K i = xy*-\-x 2 z-\-yz 2 -\-xyz, H=x 3 -\-y 3 -t-z 3 -{-xy 2 -\-x 2 z-{-yz 2 . (XI) 

The sum of the two is 

35 s +# 3 + 2 s + #2/2— (#+?/+£) (x+ay-\-ci*s) (x-\- a z y-\-oz), 

where g> 2 +o+1=0 (mod 2). If the first factor is zero, we get the three 
inflexion points (s+1, 1, z), where s 8 +;g+l = 0. If the second factor is zero, 
Ki becomes, after x is eliminated, a(y-{-z) s . To treat the third factor, we have 
only to replace <o by &> 2 . In each of the latter cases we obtain the unique sin- 
gular point (111). 

In the second main case, the only real points on C are 1, 2, 3, 4. Thus 

C=d(x*y+xy 2 ) +/a? 2 s+ {f+l)xz 2 +hy*z+ (h + l)yz 2 +xyz. 

For f=h=0,C is transformed into a like C with /=1, h=0, by replacing y 
by x-\-y. The new C is transformed into one with f=0,h = lbj(xy). Hence 
we may set f=h and obtain the four types 

C 4 = xz 2 +yz* + xyz, fl-=G\+£ s ; (XII) 

C't = C 4 +x 2 y+xy 2 , H=x s +y s +z s +x 2 y+xy 2 +xyz; (XIII) 

d = x 2 z + y 2 z + xyz, flWO ; (XIV ) 

C'; = C:+afy+a0», H=x 2 y+xy\ (XV) 

The only singular points of C 4 are 1 and 2. There is no singular point 
on C't; for z=0, H vanishes only at (110), an inflexion point; for zzfzO, we 
obtain the eight imaginary inflexion points (x, y, 1), where 

^ +2/ 7 +2/6+ ^ + y +y +l«.0, x= y ^ y +1 ' 

the congruence in y being irreducible modulo 2. The singular points on C'[ are 
3 and (1, h, 0), & 2 + Jfc-l-l=0 (mod 2). The only singular point on C"i is 3 ; the 
only inflexion points are 1, 2, 4. 
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Case r=5. The real points not on C may be taken to be 1, 2. Then 

C=x s -\-y s -\-d{x 2 y+xy 2 ) +fx 2 z + (f+l)xz 2 + hy 2 z+ (h + l)yz\ 

It is transformed by (10) into one with 

f'=f+c+ds, h' = h + s + dc. 

If d=0, we take c=f, s = Ji, and have f = h' = Q. Then 

C — a?-\- y 3 + xz 2 + yz 2 . 

Eeplacing x by x-\-y and z by x+y+z, we get 

C b =x{xy + z 2 ), H=x 3 . (XVI) 

The only singular point is 2. Next, let d = l; we take s = 0, c=f and have 

/'=0. If h=Q, C=(x+y)(x % +y 2 -\-z 2 ) ; replacing x by x-\-y and £ by z-\-x, 

we get 

C£=as 2 , flWO, (XVII) 

and see that any point with 3=0 is singular. If fe=l, 

C=(«+2/) 3 +£C0 2 +2/ 2 «. 
Eeplacing a; by a;+y, we get 

Cl=x*+(x+y)z 2 + y 2 z, H=z*+xy 2 + xz 2 + x 2 z + xyz. (XVIII) 

Since xCl-\-zH—x i -\-xz 3 +z i , the nine inflexion points are (010) and (x r y, 1), 
where a; 4 +a;+l = 0, y 2 +y=x 3 +x. From the square of the latter we get 
x=y i -{-y, whence 2/ 8 +2/ 6 +«/ 5 +2/ 4 +«/ 3 + «/+l=0, which is irreducible modulo 2. 

Case r=6. Let 7 be the real point not on C. Then 

C = d(x 2 y+ xy 2 ) +f(x 2 z+xz 2 ) + h(y 2 z+yz 2 ) +xyz. (12) 

Replacing x by x+y-\-z, we get a with W=h-{~d-\-f+l. Again, any two of 
the coefficients d, f, h are interchanged by a suitably chosen interchange of the 
variables. Hence, if two of the coefficients are zero, we may set d=f=0 ; then 
either h itself is zero or else h' is zero, and we get 

C <i =xyz=H f (XIX) 

with the singular points 1, 2, 3. 
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If every coefficient is unity, then h'=0. Thus there remains only the case 
in which just one coefficient is zero. We may then take d = 0, f=h=l; replac- 
ing % by x-\-z, we get 

C' 6 =z(x*+xz+y 2 +xy), H=z s . (XX) 

The singular points are (1, h, 0), where Jfc 2 + & + l=0. 

Case r=7. We have (12) without the term xyz. If the cubic is not 
identically zero, we may set /=1. Replacing x by x-\-hy, we have /=1, /&— 0. 
Replacing z by z-\-dy, we get 

C 7 =x 2 z+xz\ H^O. (XXI) 

The only singular point is 2. 

§ 4. Classification by Invariants. 

Since the transformations of our group G permute the real points 1, . . . . , 7, 
they permute the values (8). Hence any symmetric function of a, . . . ., s is a 
formal invariant of C modulo 2. In particular, their elementary symmetric 
function E k of degree h is an invariant. The value of E x is the coefficient 
of xyz. 

Denote by C r a form C for which the cubic curve Cs=0 (mod 2) contains 
exactly r real points. For a C r , exactly 7 — r of the values a, . . . ., s are unity 
and the others are zero. Thus E k = l or 0, according as k=7 — r or k>7 — r. 
We may therefore employ the rational integral invariants E k to show that a 
C r and a C' r are not equivalent under the group G if r=f=r'. 

For a real point (x, y, z), the product 



Mi+£)(i+ £)(*+£) 



dy 

has the value 1 or modulo 2, according as the point is or is not a singular 
point. Let e k be the elementary symmetric function of order Jc of the values of 
P at the seven real points. For a cubic with s real singular points, s of the 
values of P are unity and the other values are zero, so that e s =l, e k =0(k>s) 
for this cubic. We may therefore use the rational integral invariants e k to 
show that two cubics are not equivalent under G if the numbers of their real 
singular points are different. 
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To account for the total number of real singular and inflexion points, 
we may make a similar use of the symmetric functions of the values of 
(1 + C) (1+1?) at the seven real points. 

Corresponding formal invariants of C may be found by employing, in 
place of the real points, the points whose coordinates are in the Galois field of 
a given order 2 n . 

The twenty-two classes of cubic curves under G, including the cubic which 
is identically zero, can therefore be characterized by rational integral inva- 
riants of the preceding types. In view of a general theorem (Madison Collo- 
quium Lectures, 1914, p. 14), these invariants form a fundamental system of 
modular invariants of C modulo 2. 

§ 5. Classes of Cubic Curves under Imaginary Transformations. 

In what "follows, let a 3 +a+l = 0, b 2 -\-b + l=0. Then C has the three 
factors x-^ay-\-a 2 z and is equivalent to C 6 . The latter is true of C'l, with 
the factors z, x-\-by, x-\-b 2 y. From C 7 written in capitals, we obtain C'i by 
setting X=x+bz, Z — x-\-b 2 z, whence X+Z— z; while we obtain C\ by setting 
X=ay-\-a 2 z, Z = a 2 y-\-a i z, whence X-\-Z = a i y-\-az. 

We pass to the curves C for which C and H are linearly independent. 
The two real types having only two singular points are C 4 and C' 6 . The latter 
written in capitals becomes C t if X—x-\-y, Y=-kx-\-k 2 y, Z=z. Of the five 
real types with one singular point, C 6 has no inflexion point (being a conic and 
a tangent), K' z has a single inflexion, while C' 2 , K t and C'l' have three inflexions. 
Now C'z in capitals becomes C'l' if X=x-\-z, Y=bx-\-y, Z=x, and K t in capitals 
becomes C'l' if 

X=ax-\-a 2 y-\-z, Y=a 2 x-\- (a-\-a 2 )y-\-z, Z— (a-\-a 2 )x-\-ay-\-z. 

There remain six real types with nine inflexions ; of these, C 1} C s , K s and C 5 " 
have no xyz term and are equivalent to a=X 3 -\-Y 3 + Z 3 (for example, C 3 becomes 
a if x=Y-\-Z, y=X+Y, z=X~{-Y-\-Z) • while C 2 and C^ have such a term and 
are equivalent to c + tXYZ, where £=£0. Note that the coefficient of xyz in the 
general cubic C is a relative invariant of C modulo 2. 

The resulting ten types under imaginary transformations are seen to be 
in complete accord with the ten of Gordan, after his coefficient 6 is deleted. 
Our last two types are his C x , C a . His C s is X s -j-Y 3 -\-XYZ, and becomes our 
15 
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C' % for X=y, Y=y+z, Z—x-\-z. His C A is Z 3 -\-XYZ and becomes our d for 
X=<c-\-z, Y=y-\-z, Z—z. His C7 8 is XY^+Z 3, and becomes our K' z for X=cc-\-y, 
Y=y+z, Z=y. His C 8 is equivalent to (2+«) 3 +a/ 3 =rC3'. His C s , C-,, C 9 , C 10 
are our C B , C 5 , C' s , C' s , respectively. 

Although we might derive this list of ten types independently of the longer 
list of real types, it would be difficult to deduce therefrom the classes of real 
cubics under real transformation. 

University op Chicago, July, 1914. 



